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Abstract 

Vector quantization (VQ) is a classic signal processing technique that models the probability density 

function of a distribution using a set of representative vectors called the codebook, such that each 

codebook vector represents a subset of the distribution's samples. Deep neural networks (DNNs) are 

a branch of machine learning that has gained popularity in recent decades as they can solve 

complicated optimization problems. Since VQ provides an abstract high-level discrete 

representation of a distribution, it has been widely used as a beneficial tool in many applications 

based on DNNs, such as image generation, speech recognition, text-to-speech synthesis, and speech 

and video coding. Regarding VQ's broad utilization in applications based on DNNs, a small 

improvement in VQ can result in a huge boost in the performance of many applications installed on 

devices dealing with different data types such as speech, image, video, and text. 

 

This thesis mainly focuses on improving various VQ methods within deep learning frameworks. We 

propose using vector quantization instead of scalar quantization in a speech coding framework. The 

experiments show that the decoded speech has a higher perceptual quality because VQ considers the 

correlation between different dimensions of spectral envelopes. As another contribution, we propose 

a new solution to the gradient collapse problem called noise substitution in vector quantization 

(NSVQ), in which we model VQ as the addition of a noise vector to the input. Experiments show that 

NSVQ gives a faster convergence, more accurate gradients, and less hyperparameters to tune than 

two state-of-the-art solutions, i.e., straight-through estimator and exponential moving average. We 

further demonstrate that NSVQ can also optimize other variants of VQ that use multiple codebooks, 

e.g., product VQ, residual VQ, and additive VQ. Experimental results under different speech coding, 

image compression, and approximate nearest neighbor search show that VQ variants optimized by 

NSVQ can perform comparably to the baselines. 

 

By incorporating space-filling curves into VQ, we introduced a novel quantization technique called 

space-filling vector quantization (SFVQ), which quantizes the input on a continuous piecewise linear 

curve. Because of inherent order in the SFVQ codebook, adjacent codebook vectors refer to similar 

contents. We used this property of SFVQ, which allows us to interpret the underlying phonetic 

structure of the latent space of a voice conversion model. Moreover, we used SFVQ to interpret the 

intermediate latent space of StyleGAN2 and BigGAN image generative models. SFVQ gives good 

control over generations, such that we found the mapping between the latent space and generative 

factors (e.g., gender, age, etc.), and we discovered the interpretable directions to change the image's 

attributes (e.g., smile, pose, etc.). In another work, we used SFVQ to cluster the speaker embeddings 

to enhance the speaker's privacy in speech processing tools based on DNNs. 
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1. Introduction

Vector quantization (VQ) is a classic data compression technique that is
widely used in the signal processing domain. The main objective of VQ is to
model the probability density function of a distribution by a set of codebook
vectors such that each codebook vector is the representative vector for a
group of distribution samples. In other words, VQ compresses a subset
of data samples (existing in a Voronoi cell) by representing them with
their corresponding codebook vector, which is the closest codebook vector
in terms of a distance metric. The optimization goal of VQ is to find a set
of codebook vectors that minimizes the distance between all data samples
and codebook vectors. The Euclidean distance is commonly used as the
distance metric for VQ. Fig. 1.1 shows a VQ applied on a 2D Gaussian
distribution using 32 codebook vectors.

Voronoi Cell
Data Point
Codebook Vector

Figure 1.1. Vector quantization of a 2D Gaussian distribution using 5 bits (32 codebook
vectors). Each Voronoi cell accommodates only one codebook vector that is
the closest codebook vector to all data points inside that cell. All data points
inside each Voronoi cell will be mapped to their corresponding codebook vector.
Figure adapted from [1].
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Introduction

Deep neural networks (DNNs) is a successful branch of the machine
learning field that has gained popularity in recent decades. The massive
increase in digital data availability and significant advancements in com-
putational resources (especially GPUs) are two main factors that play a
crucial role in the success of DNNs. DNNs can extract complex non-linear
patterns from data, and thus, they use these patterns to solve highly com-
plicated problems. This ability enables them to obtain state-of-the-art
performance in a broad range of domains [2].

VQ presents an ideal abstract discrete representation of a distribution.
Hence, it can be a good fit for modeling any categorical distribution re-
gardless of the data type (e.g., speech, image, video, text, etc.). This is
why VQ is widely used in various DNN architectures for a broad range of
applications such as image generation [3,4], speech and audio coding [5,6],
speech recognition [7], music generation [8], text-to-speech synthesis [9,10],
and video generation [11]. According to this broad applicability of VQ in
DNNs, any slight improvement in VQ efficiency will certainly result in a
significant performance gain in all DNN-based applications for different
data types.

1.1 Objectives

In general, the main contributions of the research in this thesis is to
improve the perception quality of decoded speech in a DNN-based speech
coding that employ scalar quantization, to resolve the gradient collapse
problem when training DNNs that use VQ or other VQ variants (e.g.,
product VQ) in a more efficient way, to interpret the latent spaces of
DNNs by our new proposed quantization method called space-filling vector
quantization (SFVQ), and to enhance the speakers’ privacy in DNN-based
speech processing tolls which employ ordinary VQ. These contributions can
be categorized into four different categories as follows. Fig. 1.2 represents
an abstract visualization of the research works done under these four
categories.

1. Improvement in performance: When representing a data sample
by a vector, there might be correlations among different dimensions of
that vector due to the existing patterns in the data distribution. However,
this important fact is neglected in some of the existing methods as they
quantize all dimensions independently (scalar quantization) [12] or divide
the vector into several subvectors with smaller dimensionality (product
VQ) [7, 13]. Therefore, in such circumstances, VQ methods that do not
split a vector into subvectors can potentially result in less quantization
error because they take the correlation between all data dimensions into
account.
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Figure 1.2. Visualization of the research works in the thesis.
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Introduction

In Publication I, we studied a speech coding scenario [12] in which scalar
quantization is used to model the spectral envelope of the speech signal
(smoothed shape of the speech signal in the frequency domain). By re-
placing scalar quantization method with VQ, the perception quality of
the final compressed speech signal is improved. We also conducted some
experiments to compress several distributions with various VQ methods
over different dimensions in Publication III. Regarding the experimental
results, the compressed distributions by residual VQ [14] and additive
VQ [15] give less quantization distortion than the ones compressed by
product VQ [13].

2. Improvement in training: The computational graph in DNNs defines
the mathematical relationship between input and output. When training
a DNN, all functions in the computational graph must be differentiable
and have a continuous derivative. However, VQ is not a smooth function
and has zero derivatives almost for all inputs. Therefore, the computed
gradients for trainable parameters equal zero and thus, the DNN model
cannot be trained. This issue is known as gradient collapse problem.

In Publication II, we proposed a new solution to address the gradient
collapse problem called noise substitution in vector quantization (NSVQ),
which simulates the behavior of the VQ function in a differentiable way.
NSVQ improves the training efficiency of a DNN over two state-of-the-art
methods (i.e., straight-through estimator [16] and exponential moving
average [11]) such that it provides faster convergence, more accurate sim-
ulation of VQ, and it requires less parameter tunings. In Publication III,
NSVQ is used to optimize other variants of VQ, which perform quanti-
zation with several codebooks (i.e., Product VQ [13], Residual VQ [14],
and additive VQ [15]). Experiments show that NSVQ can optimize VQ
variants efficiently in different DNN-based speech and image applications
such that they perform comparable to the baseline methods.

3. Improvement in interpretability: Each DNN is made up of a series
of layers: the input layer where the input data is fed to the network, the
output layer that receives the final output of the network, and hidden
layers that are located between input and output layers such that they
compute the intermediate computations (see Fig. 3.3). One of the typical
problems in DNNs is that they act as a black box such that for a given
data sample as input to the network, it is not clear what information each
hidden layer represents. Therefore, DNNs are not interpretable models
since it is difficult or impossible to interpret the information represented
in their hidden layers.

By combining space-filling curves and VQ concepts, in Publication IV,
we introduced a novel technique called space-filling vector quantization
(SFVQ), which helps to interpret the representations of hidden layers. Ac-
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cording to the inherent structure in space-filling curves, SFVQ has a desir-
able arrangement in its codebook vectors which is used for interpretation
purposes. In Publication IV, SFVQ grants a useful interpretation of the
underlying phonetic structure in the latent space of a voice conversion task
based on vector quantized variational autoencoder. Furthermore, in Publi-
cation V, SFVQ is used to interpret the latent spaces of two well-known
deep image generative models, i.e., StyleGAN2 [17] and BigGAN [18]. The
experiments show that SFVQ allows for a desirable interpretation of the
latent spaces such that it reveals the mapping between latent space and
generative factors (e.g., age, gender, zoom, pose, etc.). In addition, SFVQ
discovers the interpretable directions in the latent space to change image
attributes such as age, smile, hair color, beard for FFHQ [19] face dataset.

4. Improvement in privacy: Speech is the main medium for human
interactions which, apart from its linguistic content, also contains private
side information such as the speaker’s gender, identity, state of health, and
emotion. Today, a wide range of DNN-based speech processing applications
exist that take the full speech data as input and process it for their
downstream task, whereas they can cause privacy issues for the speakers
by disclosing their private information. Hence, it is necessary to consider
privacy matters when using DNNs for speech processing applications.

In DNN-based speech processing models, to remove the private informa-
tion that is not needed for the downstream task, one common approach is
to discretize the hidden layer’s representation with VQ as in vector quan-
tized variational autoencoder architecture. In such models, one potential
issue is that speech signals from a small subset of speakers can be mapped
to a specific codebook index. This is a privacy issue because the disclosure
of private information will be higher for those speakers mapped to this
specific codebook index. In other words, the desirable case to preserve the
speakers’ privacy is that the occurrence of codebook indices is uniform.

To solve this privacy problem in DNNs, in Publication VI we used our
proposed SFVQ and resampled its codebook to equalize the codebook index
occurrence and make the codebook vectors to be selected uniformly over
all different speakers. In this way, the speaker’s privacy is enhanced in
DNN-based speech processing applications that employ VQ.
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1.2 Thesis Structure

This thesis is comprised of six chapters that explain the essential back-
ground concepts, existing challenges, and state-of-the-art solutions, which
helps to gain a comprehensive understanding of the proposed ideas in
the publications and what the motivation is behind them. The thesis
starts with this introduction chapter, which describes why this area of
research is important, what some of the current challenges are, and the
main objectives and contributions of this thesis.

Chapter 2 discusses vector quantization, its evaluation metrics, and
different ways to optimize the VQ codebook vectors. It also describes other
variants of VQ (i.e., product VQ, residual VQ, and additive VQ), which
use multiple codebook vectors for a higher bitrate quantization as well as
variable bitrate VQ. Chapter 3 describes the basics of training procedure
in machine learning, neural networks as a widely-used tool in machine
learning, and neural network architectures that adopt VQ. Furthermore,
this section explains the gradient collapse problem, which is the main
challenge preventing the optimization of VQ-based neural networks by
machine learning optimizers, and also the state-of-the-art solutions to this
problem.

Chapter 4 discusses space-filling curves, some of their well-known exam-
ples, and their applications. Chapter 5 gives a summary of all publications
forming this dissertation. Conclusions drawn from the thesis are presented
in Chapter 6. Finally, all of our six publications are attached at the end of
the dissertation.
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2. Vector Quantization

Vector quantization (VQ) is a tool that is widely used in the signal process-
ing domain for data compression or modeling a data distribution. This
chapter explains how VQ works, which applications it is used for, and the
most common way to evaluate it. In addition, the chapter includes different
approaches to optimize VQ, including k-means, evolutionary algorithms,
and gradient-based optimizers. Later in this chapter, we point out some
recognized variants of VQ and how to exploit variable-rate VQ in various
applications. To start the chapter, we briefly explain scalar quantization to
get an intuition for VQ and highlight how it differs from VQ.

2.1 Scalar Quantization

Scalar quantization refers to mapping values from a continuous space
to a limited discrete set that includes a finite number of values. It is
an inevitable factor in the digital signal processing field to transform
an analog signal to its digital form by quantizing its continuous-valued
amplitudes in analog-to-digital converters. The name scalar refers to the
fact that the quantization is performed on a single number (scalar) that
involves only one dimension (D =1) [20]. Generally, scalar quantizer Q can
be defined as a mapping function Q :R−→ CB, where R is the continuous
real values and CB = {CB1,CB2, . . . , CBK }⊂R is the quantization codebook
which includes K quantization levels. Fig. 2.1 illustrates an example of
scalar quantization of real values in the range [−1,1] to four quantization
levels. In other words, all real values that lie inside two quantization
borders (red ticks) will be mapped to their corresponding quantization level
CBi ; i ∈ {1,2,3,4}.

Quantization bitrate (resolution) is defined as B = log2 K which is the
number of required bits to uniquely identify all K quantization levels.
Fig. 2.2 demonstrates a cosine wave whose amplitude is scalar quan-
tized into nine quantization levels. The bitrate for this quantization is
B = log29 ≈ 3.17. It means that to transmit any sample of the quantized
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Figure 2.1. Scalar quantization of real values between -1 and 1 to four discrete quanti-
zation levels (blue circles). Quantization borders are shown in red ticks. For
instance, all real values between -1 and -0.5 will be represented by the value
of CB1 after quantization. Figure adapted from [20].

amplitude, 3.17 bits are needed. A higher quantization bitrate (resolution)
leads the quantized waveform to model the original signal with higher
accuracy [20].

0.0 0.2 0.4 0.6 0.8 1.0
Time (s)

1.00
0.75
0.50
0.25
0.00
0.25
0.50
0.75
1.00

Am
pl

itu
de

Original Cosine Waveform
Quantized Cosine Waveform

Figure 2.2. Scalar quantization of the amplitude of a cosine waveform using nine quan-
tization levels. In the quantized waveform, all real values between -1 and 1
(on y-axis) are represented with the discrete set of quantization levels that is
[−1,−0.75, . . . ,0.75,1]. Figure adapted from [1].

2.2 Definition

Vector quantization (VQ) is a data compression technique that models
the probability density function of a distribution using a set of codebook
vectors. VQ was originally used in signal processing applications for data
compression purposes. VQ is a generalization of scalar quantization that
involves quantizing a vector with a dimensionality of more than one (D > 1).
A vector is an arranged set of real values that can represent a kind of
pattern, e.g., spectral envelop of a speech signal or a patch of an image. VQ
is similar to the k-means algorithm in that it clusters a large set of vectors
to a finite set of groups (Voronoi cells), each represented by a codebook
vector [20].

As shown in Fig. 1.1, in VQ, each Voronoi cell contains a codebook vector,
which is the closest codebook vector to all data points located in that
Voronoi cell. In other words, each codebook vector represents all data
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points existing in its corresponding Voronoi cell. Therefore, applying VQ
on this Gaussian distribution means to map all data points inside a Voronoi
cell to its closest codebook vector. For an input vector x ∈R1×D and codebook
matrix CB ∈RK×D , VQ function can be formulated as

x̂= argmin
i

∥x−CBi∥2 , 0≤ i < K , (2.1)

where x̂ = CBi∗ is the vector quantized form of the input vector x, and i∗

refers to the index of closest codebook vector from codebook matrix CB to
the input vector x in terms of Euclidean distance shown by ∥·∥2.

2.3 Applications

VQ can be used in various applications, such as lossy data compression,
video and audio codecs, pattern recognition, clustering, and discretizing
representations in neural networks. As illustrated in Fig. 1.1, VQ can
compress a large number of data samples from a distribution to a limited
set of codebook vectors, which entails a loss in accuracy of representing the
original data distribution. This property of VQ is called lossy data compres-
sion, which is used for data storage and transmission applications [20–22].
Furthermore, VQ is used in some image codecs (GIF and JPEG-LS), video
codecs (MPEG-4 visual, and H.263), and audio coding (AMR-WB+, CELP,
G.729) standards.

One of the most well-known applications of VQ in the pattern recognition
field is the approximate nearest neighbor (ANN) search. In ANN search,
VQ is used to compress a large number of high-dimensional vectors to a
limited set of codebook vectors (with the same or lower dimensionality) with
the aim of reducing the computational complexity of searching [13–15].
In addition, VQ can be used in clustering tasks [23, 24]. Furthermore,
apart from classical signal processing applications, VQ has also caught
the attention in the machine learning world. Since discrete representation
is a more suitable fit for some data modalities, many recent deep neural
networks use VQ to discretize the continuous representation of their latent
space to enhance their performance [3–6,8–11,25–28].

2.4 Evaluation Metrics

The main target of vector quantization (VQ) is to represent the input vector
x with a limited bitrate. The input to the VQ function is not deterministic
nor known in advance. It is a random variable defined by its probability
density function (PDF), and thus the quantization error will also be a
random variable. To evaluate the VQ performance, a distance measure
d(x, x̂) is required to determine the magnitude of quantization error (or
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distortion) between inputs x and their quantized forms x̂. As the inputs
are random, the overall quantization error should be quantified with a
statistical averaging measure that takes the PDF of inputs into account [1,
20]. Therefore, the average quantization error (AQE) can be computed as

AQE= E
x∈X

[︁
d(x, x̂)

]︁≈ 1

N

N∑︂
i=1

d(xi, x̂i), (2.2)

where xi and x̂i refer to the i-th input and its quantized form, respectively.
X refers to the set of possible input vectors, E is the statistical expectation
operand, and N is the total number of input vectors. Generally, a lower
average quantization distortion indicates a better VQ performance.

The most prevalent distance measure used for VQ is the squared error
or squared Euclidean distance (ℓ2 norm) [20]. The Euclidean distance
between the input vector x and its quantized version x̂ is computed as

d(x, x̂)= ∥x− x̂∥22 =
D∑︂

j=1

(x j − x̂ j)
2, (2.3)

where the index j refers to the j-th element of x and x̂ vectors, and
∑︁

is over
all samples of D-dimensional vectors. Now, by incorporating Eq. (2.3) in
Eq. (2.2), we can define the mean squared error (MSE) as the performance
measure for VQ such that

MSE=
1

N

N∑︂
i=1

∥xi − x̂i∥22 . (2.4)

xi and x̂i refer to the i-th input and its quantized form, respectively, and N
is the total number of input vectors. In fact, MSE is equal to the average
power of quantization error.

Another widely used distance metric is the absolute error (or ℓ1 norm)

which is computed as d(x, x̂)= ∥x− x̂∥1 =
D∑︁

j=1
|x j − x̂ j|. Mainly, we can define

the general distance measure of dm(x, x̂)= ∥x− x̂∥m for VQ that computes
the m-th power of the quantization error, such that m is a positive integer
value. When m=1, the measure is known as the ℓ1 norm of the quantiza-
tion error, and when m=2, it is known as the ℓ2 norm of the quantization
error.

Now that the MSE is defined as the metric to assess the performance
of VQ, the main objective of designing a vector quantizer is to find the
best set of codebook vectors that minimize the MSE. Finding the best
codebook matrix is an optimization problem with no closed-form analytical
solution, which entails using numerical iterative solutions [1]. One of the
most popular optimization algorithms for VQ is the k-means approach [29],
which is discussed in the following section.
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2.5 Optimization Methods

2.5.1 K-means Algorithm

Clustering is a technique that makes use of the existing structure in the
data distribution to divide it into multiple groups of data samples with
similar properties [30]. K-means [29] is one the most popular unsupervised
clustering algorithms, which is widely used for codebook optimization of
vector quantizers in the signal processing domain, which aims to cluster a
set of vectors to K codebook vectors (clusters) by minimizing the average
squared Euclidean distances in Eq. (2.4). Because of its close similarity
to Lloyd’s algorithm, k-means is also referred to as Lloyd’s technique [31].
Expectation maximization (EM) is another clustering algorithm that is
similar to k-means. However, EM has some differences. It is more flexible
than k-means in that it allows for soft clustering, i.e., each data point has
a probability of belonging to each cluster. As a result, EM can model more
complex cluster shapes than k-means [32].

Fig. 2.3 illustrates the flowchart of how the k-means algorithm works.
The first step is the initialization, in which the user selects K codebook
vectors as the initial codebook to start the k-means algorithm. The selec-
tion can be made by randomly choosing from the data samples or using
the efficient k-means++ method [33], which is proposed for a better ini-
tialization. In the assign step, the Euclidean distance (Eq. (2.3)) of all
data samples to all codebook vectors is calculated. Then, each data sample
is assigned to its closest codebook vector. In the codebook update stage,
the mean of data samples assigned to each codebook vector is computed,
and then each codebook vector is updated with this newly computed mean.
Next, the convergence condition is checked, and if it is passed, the k-means
algorithm is finished. If k-means is not converged yet, the algorithm goes
to the second step and will continue until the convergence condition is
satisfied.

At each iteration, the k-means ensures the rendering of an improved
codebook over the previous iteration, and this improvement continues
until the k-means reaches a local minimum, where there will be no room
for more codebook enhancements. In other words, at each iteration, the
newly updated codebook (at codebook update step) would result in a more
accurate codebook that reduces the mean squared error of clustering.
K-means algorithm converges when the newly updated codebook at the
current iteration is equal to the previous stage codebook. At this time,
the convergence condition is passed, and we obtain the final optimized
codebook for the given data distribution [1].

Although the k-means algorithm is simple to implement on most com-
puting devices, it has its own downsides. Firstly, the number of clusters
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1. Initialization: select K vectors as initial codebook

2. Assign: assign data samples to codebook vectors  

3. Codebook Update: update each codebook vector 
with the mean of data samples assigned to it

Converged ?
No

End of optimization

Yes

Figure 2.3. Flowchart to optimize the codebook of vector quantization with k-means
algorithm. Figure adapted from [34].

(K) must be specified before running the k-means algorithm. This is a big
challenge for unknown and high-dimensional data, as it is not known how
many well-defined clusters the data contains. The elbow method [35] is
one the most common techniques to find the actual number of clusters in
the data. It offers running the k-means algorithm for several rounds with
different numbers of clusters such that K ∈ {1,2,3,4,5, . . . }. Then, for each
value of K , the sum of the mean squared errors (MSE) between all data
samples and their closest codebook vector is computed. Finally, by plotting
the value of MSE for each K , a plot similar to Fig. 2.4 will be obtained.

We observe that the increase in K continuously decreases the MSE value
because with more clusters (or codebook vectors), the data samples will be
closer to their codebook vectors. The curve in Fig. 2.4 looks like an elbow,
and there is a point in the figure where adding more clusters will not yield
a considerable amount of decrease in MSE. In the elbow technique, this
point is selected as the exact number of clusters existing in the data, which
is K =3 in the case of Fig. 2.4.

Secondly, k-means is really sensitive to initialization. By random initial-
ization, k-means might end up with different results for different execu-
tions, and it is prone to reaching suboptimal results. The k-means++ [33]
technique is proposed for an improved initialization. Suppose x shows a
data sample from the set of all possible data samples X, and L(x) repre-
sents the smallest possible distance from data samples to their closest
codebook vectors. Then, Tab. 2.1 explains how k-means++ works.

Lastly, k-means may not properly cluster the sparse and irregular data
distributions. It usually works fine for distributions with equally-sized
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Figure 2.4. Choosing the right number of clusters (K) for k-means using the elbow method.
According to the plot that looks like an elbow, the right number of clusters
for the data is chosen K =3 since the error is not considerably reduced when
clustering the data with more than K =3 clusters. Figure adapted from [34].

Table 2.1. K-means++ algorithm [33] for better initialization of codebook vectors.

1. Define the first codebook vector by uniform random sampling from X.

2. Define a new codebook vector by sampling x from X with probability of
L(x)2∑︁

x∈XL(x)2
.

3. Repeat step 2 until obtaining K required codebook vectors.

4. Use these K selected codebook vectors for k-means initialization.

clusters with hypersphere shapes (a circle in N-dim space). There is no
solution for this k-means limitation, and we can use other clustering
algorithms suitable for more complex distributions, such as DBSCAN [36].
Fig. 2.5 illustrates clustering the moons distribution with k-means and
DBSCAN methods, in which k-means cannot cluster the data properly into
two clear individual clusters shown in red and blue.

2.5.2 Evolutionary Algorithms

Evolutionary algorithms (EAs) are heuristic methods to solve computa-
tionally complex optimization problems, such that it takes a long time
to exhaustively search for the optimal solution. Also, they are used in
problems where the output has a highly non-linear and non-differentiable
relation with optimization parameters. By getting intuition from biological
evolutionary mechanisms, EAs try to improve a candidate solution over
different generations (or iterations) of an evolutionary process. In general,
EAs define a population consisting of a set of potential solutions and then
mutate these solutions based on specific strategies to obtain a better solu-
tion. Afterward, they compare these mutated solutions with the already
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K-means DBSCAN

Figure 2.5. Clustering the moons dataset with k-means and DBSCAN algorithms. Two
dataset clusters are shown in red and blue. Figure adapted from [37].

existing ones under a fitness function (or evaluation metric) and keep the
top best solution for the next generation. This process will be continued
for a predetermined number of generations when the best solution in the
last generation is selected as the final optimized solution.

In the literature, several EA algorithms have been proposed for the
optimization of the vector quantization (VQ) codebook, such as genetic
algorithm [38], particle swarm optimization [39], firefly algorithm [40],
and differential evolution [41]. By getting intuition from the method
proposed in [41], as a typical example, here we explain how to optimize
the VQ codebook using the differential evolution algorithm [42]. Suppose
we intend to quantize N input vectors with a codebook comprised of K
codebook vectors. The optimization steps are:

1. Configuration: Select the mean squared error (MSE) in Eq. (2.4)
as the fitness function, the number of generations Ng to iterate,
and the population size Np (number of solutions (codebooks) in each
population). Put G =1, which shows the first generation.

2. Initialization: Initialize Np codebooks in the population by ran-
domly selecting from N input vectors.

3. Mutation: For each target solution (codebook vector) XG
i in the

population, create the mutant solution as:

VG
i = XG

r1 +F ×(︁XG
r2 − XG

r3

)︁
; VG

i ∈RK×D , (2.5)

where i indexes the solution in the population, G indexes the gen-
eration, F ∈ (0,1) is the mutation factor, and r1, r2, r3 ∈

{︁
1,2, . . . , Np

}︁
are random target solutions indices such that r1 ̸= r2 ̸= r3 ̸= i. This
operation applies vector differences between various solutions of the
population with the aim of perturbing them in different directions.
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4. Crossover: For each target solution XG
i and its mutant version VG

i ,
generate a trial solution by crossover operation as:

TG
i jk =

{︄
VG

i jk, if uniform random number ≤ Cr.

XG
i jk, otherwise.

(2.6)

where i ∈ {︁1,2, . . . , Np
}︁

, j ∈ {1,2, . . . , K}, k ∈ {1,2, . . . , D} such that D
refers to the data dimension and Cr ∈ [0,1] is the crossover rate.
This operation generates a new solution by swapping elements in
the target and mutant solutions. The swapping operation adds more
diversity to mutant solutions (VG

i ), and it is governed by the crossover
rate.

5. Selection: A tournament is held between target solution XG
i and

its trial counterpart TG
i , and the solution which has a better fitness

function (lower MSE value) will enter the next generation as:

XG+1
i =

{︄
TG

i , if MSE (TG
i )<MSE (XG

i ).

XG
i , otherwise.

(2.7)

6. Condition Checking: If G = Ng, stop the optimization process and
select the best solution from the current population, which gives the
lowest MSE value. Otherwise, set G :=G+1 and go to the mutation
step.

Since searching for the optimum codebook is completely random in evolu-
tionary algorithms, they are not commonly used for VQ codebook optimiza-
tion. They are mainly used for providing a more suitable codebook only for
initialization purposes [41].

2.5.3 Gradient-based Optimizers

Gradient descent is an iterative optimization algorithm that is commonly
used in classification, regression, and backpropagation in neural networks.
It can be used in cases where the loss function can be defined as a dif-
ferentiable function of optimization parameters. It works by computing
the first-order derivatives of the loss function w.r.t the optimization pa-
rameters, and these derivatives are used to find the direction to reach the
minimum of the loss function.

Gradient descent calculates the derivatives over all data samples, making
it challenging to be used for huge datasets or those with high dimension-
ality because it might take a very long time to compute gradients over
all data samples, leading to memory run-out. Hence, the solution is to
use other variants of gradient descent such as stochastic gradient descent
(SGD) [43], RMSProp [44], AdaGrad [45], and Adam [46], in which the
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gradient is calculated over a batch of data samples and parameters are
updated more frequently based on the batch gradients.

We can use these gradient-based optimizers to optimize the codebook
of a VQ function. Suppose a dataset that is divided into batches with Nb

samples. We want to find the optimal codebook CB that minimizes the
MSE loss over these Nb samples using the SGD optimizer. Thus, we can
update the codebook for each batch of data as

CBi∗ :=CBi∗ −α
1

Nb

∑︂
Nb

∂MSE
∂CBi∗

=CBi∗ −α
1

Nb

Nb∑︂
j=1

∂
⃦⃦

x j −CBi∗
⃦⃦2
2

∂CBi∗
, (2.8)

where x j is the j-th data vector, CBi∗ is the closest codebook vector to
the x j, and α is the learning rate of the optimizer which determines the
magnitude of the step that the optimizer takes towards minimum. If a
small value for α is selected, the optimizer will take small steps towards
the minimum, and it might cause a slow convergence. On the other hand,
a big value for α (or a big step size) might result in an overshoot from
the minimum point. Note that the SGD optimizer might get stuck in a
local minimum according to the shape of the loss function and the learning
rate selection. However, if the loss function is convex, SGD would find
the global minimum, since there is only one minimum in the loss curve to
land. Fig. 2.6 displays how SGD finds the global minimum in a convex loss
function that is dependent only on the parameter θ. The figure shows the
trend of SGD steps when the learning rate value is selected properly. The

magnitudes of step sizes are different because the gradient
(︃

∂Loss
∂θ

)︃
value

decreases along the loss curve.

Gradient
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Figure 2.6. A visualization of optimization steps for stochastic gradient descent. Figure
adapted from [47].
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2.6 Lattice Vector Quantization

A lattice can be defined as an infinite number of points that are located
next to each other in a well-ordered manner in a D dimensional space.
These ordered points can be considered the codebook vectors of a vector
quantizer. In fact, lattice VQ is a particular class of vector quantizers that
can be expressed as the intersection of a lattice and a distribution [48], as
shown in Fig. 2.7. Since the codebook vectors in lattice VQ have a regular
arrangement, all Voronoi cells would have the same shape and size such
that each Voronoi cell can be described as a translation of the Voronoi
located in the origin of coordinates in space. According to the figure, here
we see a lattice with hexagonal Voronoi cells that is projected on a 2D
trapezoid distribution. To apply lattice VQ, the next required step is to
discard the lattice points outside the trapezoid distribution, which is called
truncation. Truncated codebook vectors that land outside the trapezoid
distribution are shown in gray.

Figure 2.7. Hexagonal lattice vector quantization of a 2D trapezoid distribution. The
lattice is projected on the trapezoid distribution and it is quantized with the
codebook vectors that land inside of the distribution (shown in blue). Figure
adapted from [20].

Choice of the lattice and truncation are two important factors that sig-
nificantly impact the performance of the lattice VQ. Choice of the lattice
refers to selecting the shape of the lattice Voronoi cells and the density
of the lattice points, i.e., the number of lattice points in the unit of space
volume. A higher density (larger codebook size) would result in a higher
quantization bitrate and smaller quantization error ∥x− x̂∥2 [20]. How-
ever, when quantizing reasonably smooth and uniform distributions with
suitably high bitrates, the lattice can be chosen independent of the distri-
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bution’s probability density function and the truncation style [20]. Various
approaches on how to select proper lattice characteristics and truncation
styles can be studied in [48].

Lattice VQ has two main weaknesses. First, lattice VQ is not optimal
in minimizing the average quantization error due to its regular structure
of locating codebook vectors. The reason is that lattice VQ quantizes the
dense and sparse regions of nonuniform distributions with equal quanti-
zation accuracy using equidistant and equal-sized Voronoi cells. However,
for uniform distributions, lattice VQ can be near optimal. The second
problem is the implicit assumption of having a dense lattice (or a large
codebook size), which makes it suitable only for quantizations with reason-
ably high to moderate bitrates and applications that could tolerate small
quantization distortions [20].

2.7 Variants

The best approach to quantize random vectors of a probability density func-
tion is to apply ordinary VQ without any constraints with only one codebook
matrix [20]. This approach is known as unconstrained VQ. However, due
to some restrictions in signal processing hardware, there is always a com-
plexity barrier to use unconstrained VQ with high quantization bitrates
(B) and high data dimensions (D). In more detail, a high bitrate (or a large
codebook size) can exceed the memory of a processor. Moreover, the com-
plexity of searching for the closest codebook vector among a large codebook
size (K) is really high, which in turn scales exponentially with the bitrate
K =2B. Current state-of-the-art methods use VQ with maximum bitrates
ranging from 10 to 12 bits (1024 to 4096 codebook vectors) and maximum
data dimensions ranging from 64 to 512.

There are multiple variants of VQ that change the design of the quanti-
zation process by applying various constraints. These variants are known
as constrained VQ methods. To pass the complexity barrier, these vari-
ants use multiple codebooks for quantization, which makes it feasible to
apply VQ with high bitrates and dimensions. The change of the design
in constrained VQ variants will sacrifice the best performance attainable
by unconstrained VQ to some extent, but it leads to efficient trade-offs
between complexity and performance. In the following, some constrained
variants of VQ are explained.

2.7.1 Residual Vector Quantization

Also known as multi-stage VQ, residual VQ (RVQ) [14] quantizes a vector
in multiple successive stages (M) using multiple codebook matrices. Fig. 2.8
illustrates a 3-stage (M =3) RVQ applied on the input vector x. In the first
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stage, the input x is quantized with the first VQ block using CB1, which
is the corresponding codebook for the first stage. The quantized input
equals CB1

i∗ , which refers to the closest codebook vector (i∗-th entry) from
codebook CB1 to input x. Using the second codebook CB2, the second stage
will quantize the error between input x and its quantized form CB1

i∗ , named
R1. Accordingly, the third stage will quantize the error between R1 and its
quantized form CB2

i∗ by utilizing the third codebook CB3. This procedure
will be continued for M stages until we find M closest codebook vectors
from each individual codebook matrix. Finally, the input x is quantized by
addition of all M closest codebook vectors as

x̂=CB1
i∗ +CB2

i∗ +CB3
i∗ . (2.9)

Note that all VQ operations in Fig. 2.8 refer to ordinary unconstrained VQ
function in Eq. (2.1).
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%
#% = ## − !"$∗%

VQ
!"%

VQ
!"&

Figure 2.8. 3-stage residual VQ applied on the input vector x. CB j is the j-th codebook
matrix, and CB j

i∗ refers to the i∗-th entry of the j-th codebook matrix, which
is the closest codebook vector to the input of the VQ block.

2.7.2 Product Vector Quantization

Product VQ (PVQ) [13] quantizes a vector by splitting it into M subspaces
and then applies M independent VQ operations on these subspaces. Fig. 2.9
displays a 3-stage (M =3) PVQ applied on the input vector x with dimen-
sion of D. According to the figure, PVQ splits the input vector x to 3
subspaces with the dimension of D/3 and then applies ordinary uncon-
strained VQ (Eq. (2.1)) independently on each of these 3 subspaces. After
finding the closest codebook vector for all three stages, the input vector is
quantized by concatenating all these vectors as

x̂=Concatenate [CB1
i∗ ,CB2

i∗ ,CB3
i∗ ], (2.10)

where CB j is the j-th codebook matrix and CB j
i∗ refers to the i∗-th entry of

the j-th codebook matrix, which is the closest codebook vector to the input
of VQ block.

PVQ is desirable in scenarios where the computational complexity due to
the high input dimensionality is too big for other variants of VQ. The main
drawback of PVQ is that it will lose some quantization efficiency since
it ignores the statistical dependency between different dimensions of the
input vectors.
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Figure 2.9. 3-stage product VQ applied on the input vector x. CB j is the j-th codebook
matrix and CB j

i∗ refers to the i∗-th entry of the j-th codebook matrix, which
is the closest codebook vector to the input of the VQ block.

2.7.3 Additive Vector Quantization

Similar to residual VQ, additive VQ (AVQ) [15] quantizes a vector as the
sum of M codebook vectors coming from M different codebook matrices.
AVQ aims to find a tuple of codebook indices (I = [i1, i2, . . . , iM ]) which
minimizes the quantization error ∥x− x̂∥2 between input vector x and its
quantized version x̂, such that

x̂=CB ja
i1 +CB jb

i2 + . . . +CB jm
iM

; ja ̸= jb ̸= . . . ̸= jm ; jx ∈ {1,2, . . . , M}.

To find the best tuple for the quantization, AVQ employs a beam searching
approach [49], which entails defining a parameter called beam width (W).
As the name suggests, beam width refers to the largeness of the search
span used to find the best codebook elements. A wider beam width results
in a higher computational cost for the quantization process.

Fig. 2.10 demonstrates a 3-stage (M =3) AVQ applied on the input vector
x. In the first step, AVQ defines W different tuples for quantization. Then,
it finds W closest codebook vectors to the input x from the union of all M
existing codebook matrices, i.e., CB1∪CB2∪CB3. These W best indices
will be stored in the first position (i1) of all W tuples. These W tuples are
used as the basis tuples for the remaining quantization stages. Afterward,
we compute residuals for the first quantization stage (R1) for these W
basis tuples by subtracting W selected codebook vectors from the input
x. Now, we have W residual vectors available. For each residual, we
take the union of remaining codebooks that have not yet contributed to
the quantization process as the search set. For example, in the second
VQ stage of Fig. 2.10, we take the union of CB1∪CB3 as the search set
because, for the first VQ stage, the best codebook vector is selected from
the codebook CB2. Then, for each residual, we find its W closest codebook
vectors by looking up only its specific search set. Now we have W2 tuples
with length 2. Among all these tuples, we select the W best tuples that give
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the minimum quantization error ∥x− x̂∥2 and use them as the basis tuples
for the remaining quantization stages. We will continue this trend for M
stages, in which we have W best tuples, each filled with M indices. Among
all these tuples, we finally select the best tuple which gives the minimum
quantization error ∥x− x̂∥2. For the AVQ represented in Fig. 2.10, the final
quantized input is defined as

x̂=CB2
i∗ +CB3

i∗ +CB1
i∗ , (2.11)

where CB j is the j-th codebook matrix and CB j
i∗ refers to the i∗-th entry of

the j-th codebook matrix, which is the closest codebook vector to the input
of VQ block.

% VQ
!"#	⋃	!"%	⋃	!"&

VQ
!"#	⋃	!"&## = % − !"$∗% #% = ## − !"$∗&

VQ
!"&

Figure 2.10. 3-stage additive VQ applied on the input vector x. CB j is the j-th codebook
matrix and CB j

i∗ refers to the i∗-th entry of the j-th codebook matrix, which
is the closest codebook vector to the input of the VQ block.

2.8 Variable Bitrate Vector Quantization

So far, all the discussions have been related to fixed bitrate vector quan-
tizers, i.e., VQ methods which use a fixed number of bits to quantize each
input vector regardless of its statistical properties. Until now, the main
goal of all VQ methods has only been to minimize the average quantization
error. Hence, they only take care of locating the codebook vectors such
that it minimizes the quantization distortion. However, for variable bi-
trate VQ, we also take the probability density function of input vectors
into account [20]. One principal basis of variable bitrate VQ is that by
considering the probability density function of input vectors, we can assign
a lower number of bits for more probable inputs and a higher number of
bits to quantize the rare inputs. For example, to quantize a speech signal,
we can assign fewer bits for the voiced frames as they are more likely to
occur, and more bits for silence frames.

There are some applications that are desirable for variable bitrate VQ
since the overall VQ bitrate would be lower than the fixed bitrate VQ.
As the first example, consider an image storage application where the
data should be compressed and retrieved upon request. We can assign a
different number of bits for quantizing different areas of the image based
on the intricacy and amount of details it contains. As another application,
video transmission is really favorable for variable bitrate VQ because of the

37



Vector Quantization

high variations in consecutive video frames over time. In a video sequence,
we can use a small number of bits to model the frames that are mainly
similar to the previous frame, which models a small amount of motion. On
the other hand, we need a higher bitrate for the frames modeling large
amounts of motion that do not happen very often.

For a fixed bitrate VQ, the average bitrate equals the logarithm of the
number of codebook vectors (B = log2 K). However, through the use of
entropy coding algorithms (e.g., Huffman coding [50] and arithmetic cod-
ing [51]), the average required bitrate for VQ can be reduced from log2 K
to the entropy of codebook vectors [20]. Considering the codebook matrix
as a set of discrete random variables which are possible outcomes of a VQ
process, the entropy refers to the average amount of uncertainty of possible
outcomes or codebook vectors. Hence, the entropy can be formulated as

H(y)=−
∑︂

y∈CB

p(y) log2 p(y), (2.12)

where y is a random variable referring to the output of a VQ function, CB is
the codebook matrix, and

∑︁
is the sum of all possible outcomes. Note that

taking the logarithm function in base 2 gives the entropy in terms of bits.
Suppose we want to quantize a nonuniform distribution with a codebook
matrix with four vectors. As the distribution’s input vectors occur with
different frequencies, the codebook vectors will be selected with different
probabilities of {p1 = 0.5, p2 = 0.15, p3 = 0.3, p4 = 0.05}. Then, the average
bitrate to quantize this distribution can be computed as

Fixed bitrate VQ : H(y)= log2(4)= 2 bits

Variable bitrate VQ : H(y)=−1×
4∑︁

i=1
pi log2 pi ≈ 1.65 bits.

(2.13)

Therefore, by taking advantage of the statistical properties of the codebook
vectors, we can improve the quantization efficiency by reducing its average
bitrate. Note that the value of entropy is always less than or equal to
log2 K .

Variants of VQ can also benefit from variable bitrate with different
strategies. For example, in residual VQ (RVQ), we can use a family of
codebook matrices of different sizes for variable-rate quantization. As the
first strategy, depending on the best codebook vector index in the first VQ
stage, we can choose which set of codebooks (of different sizes) to use for
the second stage. Accordingly, depending on the best codebook vector index
in the second VQ stage, we can determine which set of codebooks to utilize
for the third VQ stage. As a more straightforward approach to making
RVQ work in variable bitrate, we can compute the quantization error of the
first stage. If the quantization error is higher than a prespecified threshold,
we involve the second stage for quantization. We can use multiple VQ
stages until we reach the desirable error below the threshold.
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3. Vector Quantization in the Machine
Learning Domain

Machine learning is a branch of artificial intelligence inspired by brain
studies, and it aims to replicate the learning style of humans. It explores
the data and finds its underlying patterns to develop algorithms that
can be generalized to unseen data. This chapter explains an overview
of machine learning and how its training procedure works. It will also
discuss neural networks as widely used machine learning models and their
variants which use vector quantization in their architectures. Since vector
quantization renders only derivatives of zero or infinity, it leads to the
gradient collapse problem when optimizing neural network architectures
based on vector quantization by gradient-based optimizers. This problem
and its most well-recognized solutions are elaborated later in this chapter.

3.1 Machine Learning

Machine learning (ML) is one of the most effective and powerful tools in
a wide range of applications. Recently, we have witnessed an explosion
of data generation. This massive pile of data will be useful if we analyze
it to extract new knowledge. ML techniques can automatically discover
intricate underlying patterns in the data that are difficult (or even impos-
sible) to find by human investigation. This extracted knowledge and the
patterns from the data can then be used for accurate future predictions and
complex decision-making. In other words, we can use computing machines
to learn the rules that control a phenomenon by experiencing the data
behavior collected from that phenomenon. This is the reason why it is
called machine learning [52,53].

ML can be used for a variety of tasks, such as:

Classification: This refers to the task of assigning unseen data to a set
of known categories. The output (prediction) of the ML classifier is the
number of the predicted category. For example, scene classification can
consist of two categories, indoor and outdoor, with category labels {0,1}
respectively. Several examples of ML classification applications include
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face recognition [54], speaker recognition [55], spam detection [56], fraud
detection [57], and pathological speech detection [58].

Regression: This is the task of predicting a real value as the output of
the ML algorithm for an unseen data sample. Its main difference with
classification is the type of output, which is a real number that can take
an infinite number of values. For example, the price of a house can be
predicted based on input features such as number of bedrooms, area, age,
etc. [59]. Stock price prediction [60] and weather forecasting [61] are two
applications of regression models in ML.

Clustering: This is the task of partitioning a large number of data samples
into several homogeneous subgroups according to their specific features.
An example is clustering the customers of a market into several subgroups
based on their interests and demands. ML-based clustering has applica-
tions in text mining [62], genomic data analysis [63], and recommender
systems [64].

Dimensionality Reduction: The main goal of this task is to reduce
the dimensionality of data samples (or input features) by transforming
them from an initial representation to a lower-dimensional representation
while preserving the main characteristics of the initial representation.
Dimensionality reduction reduces the number of irrelevant features, which
improves model generalization and reduces the computational complex-
ity, which results in more efficient and faster training. One of the most
important applications of dimensionality reduction is feature extraction,
whose target is to extract more complex and useful features (with a lower
dimension) out of input features for an ML task [65].

For a better understanding, here we define some essential terminologies
that are used in the rest of the thesis.

Dataset: The set of data examples (or their relevant features) used to train
the ML algorithm. The ML algorithm would explore the data examples in
the dataset and, by experience, learn how to get fitted to this dataset for
more accurate future predictions. In the case of supervised algorithms [53],
each data example is a pair including the feature and its corresponding
label as (xi, yi). Here, for the i-th data example, x and y refer to the feature
and label of that example, respectively.

Model: The function used for mapping features (xi) to their corresponding
predicted output (yi

pred). By exploring the dataset examples, this function
is going to be learned during training in order to give predictions (yi

pred) as
close to the real data output (yi).

Loss: The metric used for evaluating how much the ML model prediction
(yi

pred) deviates from the true answer (yi). It is the metric that the ML
optimizer aims to minimize or maximize during training.
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Optimizer: The optimization algorithm that the ML model uses to opti-
mize values of trainable parameters, which minimizes the loss function.
Stochastic gradient descent (SGD) [43], RMSProp [44], AdaGrad [45], and
Adam [46] are among the most common ML optimizers.

Hyperparameters: The parameters that are not trained by the learning
algorithm and must be determined in advance as inputs to the learning
algorithm. For example, learning rate (α in Eq. (2.8)), batch size (Nb in
Eq. (2.8)), number of epochs Nepoch (number of times the optimizer explores
the whole dataset), and number of layers and neurons in each layer of a
neural network are among the most important hyperparameters that have
significant impact on the ML model’s performance.

3.1.1 Training Procedure

After selecting the model, loss function, optimizer, and necessary hyper-
parameters, we need to partition the dataset into different equally-sized
data batches to start training the parameters of an optimization problem
with ML. By selecting the batch size as Nb data samples, the dataset with
N samples would consist of Nbatch = N/Nb data batches. Each data batch
is considered one iteration of optimization, as the trainable parameters
are updated using the derivatives of that batch by SGD as in Eq. (2.8). An
epoch is defined as one iteration in which the ML optimizer goes through
the whole dataset samples (or all Nbatch training batches). For Nepoch num-
ber of epochs, the training comprises of Nepoch ×Nbatch number of training
updates (iterations).

Each training update step has three key components:

1. Forward Pass: Forward pass gets the current data batch as input
and computes the loss value as output of the ML model, which defines
the mathematical relation between the trainable parameters and the
loss function. The forward pass refers to the computation of the loss
value as a function of the trainable parameters a and b, and it is
shown with blue arrows in Fig. 3.1.

2. Backpropagation: Since in ML optimization tasks the usual choice
is a gradient-based optimizer (section 2.5.3), in backpropagation the
derivative of the loss function with respect to the trainable parame-
ters needs to be calculated. Backpropagation means to calculate the
gradient of the loss with respect to a and b, and it is shown with red
arrows in Fig. 3.1. The gradients of the loss with respect to trainable
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parameters of a and b can be calculated with the chain rule as⎧⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎩

∂Loss
∂a

=
∂Loss

∂c
× ∂c

∂a
= d×b

∂Loss
∂b

=
1

2

[︃(︃
∂Loss

∂c
× ∂c

∂b

)︃
+

(︃
∂Loss
∂d

× ∂d
∂b

)︃]︃
=

1

2
[(d×a)+(c×1)] =

1

2
[(d×a)+ c]

(3.1)

3. Parameter Update: In this stage, the trainable parameters values
are updated based on the SGD update formula (Eq. (2.8)) as⎧⎪⎪⎨⎪⎪⎩

a := a−α
∂Loss

∂a
= a−α(d×b)

b := b−α
∂Loss

∂b
= b−α

1

2
[(d×a)+ c]

(3.2)

where α is the learning rate of the SGD optimizer.
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Figure 3.1. Forward pass and backpropagation. Forward pass computes the loss value
based on the connections between nodes of a computational graph. Backpropa-
gation computes the derivative of loss with respect to the trainable parameters.
Figure adapted from [66].

These three key components are performed for each training batch, and
the optimization is iteratively continued until it reaches the total number of
training updates which equals Nepoch×Nbatch. After the last training batch
update step, the trainable parameters are saved as the final optimized
values.
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3.1.2 Neural Networks

A neural network (NN) is a computational model inspired by how the
human brain’s neural system works. The brain’s nervous system comprises
billions of neurons that are connected, and the human learning process
happens when these neurons pass information to each other. In a similar
way, a neuron, also called a node, is the fundamental building block of
an NN. As shown in Fig. 3.2, a node gets inputs (xi) from other nodes
and does some calculations to compute the output ( ŷ). Each input has
a weight (wi) which specifies its influence on the output. The output is
computed such that an activation function ( f (.)) is applied on a weighted
linear combination of inputs added by a bias value (b). The weights of the
nodes and bias are trainable parameters that are trained according to the
optimization objective [2].
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Figure 3.2. Computations in a node of a neural network. Figure adapted from [67].

Fig. 3.3 demonstrates a typical NN design. An NN usually consists of
multiple computational layers, each made up of nodes interconnected with
each other in a forward pass, and it computes the output as a function
of inputs using these connections and their corresponding weights. The
first layer of an NN is called the input layer, in which no computation
is done, and it only passes information about the input features to the
subsequent layers. Hidden layers take care of intermediate computations;
they get information from previous layers and pass it forward to the next
layers. The output layer is the last computation layer in an NN, which gets
the processed information from previous layers and computes the final
predicted value for the output.

Similar to Fig. 3.1, an NN (shown in Fig. 3.3) can be considered a compu-
tational graph of interconnected nodes. Therefore, an NN can be trained
in a similar training procedure as in Sec. 3.1.1. In this case, forward pass
refers to getting a batch of input features in the input layer and computing
the output nodes’ values according to the weights and connections of the
NN. Then, backpropagation refers to calculating the gradients of the loss
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Figure 3.3. Architecture of a typical neural network. Figure adapted from [68].

value with respect to the trainable parameters (weights and biases) of the
NN. These trainable parameters can then be updated based on the SGD
update formula in Eq. (3.2). These three training steps will be iteratively
performed and continued until the training reaches the required Nepcoh

epochs. During training, the trainable parameters of each node are ad-
justed to minimize the loss, and they learn to give the best predictions for
the ML task.

The architecture of an NN model can be chosen to match the difficulty of
the task and available computational resources. Such choices in architec-
ture include the number of hidden layers, the number of nodes in different
layers, the way nodes are connected to each other, and the choice of acti-
vation function. Note that the activation function is usually a nonlinear
function. As a result, it brings nonlinearity to the computations, enabling
the output to be a complex nonlinear function of the input features. The
activation function can be chosen based on the layer and the type of ML
task, e.g., the softmax function is chosen for multi-class classification tasks.
An NN with more than one hidden layer is generally considered a deep
neural network (DNN). Depending on the ML task, there are various
types of DNNs with different architectures such as multi-layer perceptrons
(MLPs) [69], convolutional neural networks (CNNs) [70], recurrent neural
networks (RNNs) [71], long short-term memory networks (LSTMs) [72],
and generative adversarial networks (GANs) [73].
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3.1.3 Neural Network Architectures Based on VQ

There are various DNNs that use vector quantization (VQ) in their archi-
tectures as a tool for discretizing a continuous representation [11,74–76].
Vector quantized variational autoencoder (VQ-VAE) [11] is one of the most
well-recognized architectures that employs VQ in its latent space. Fig. 3.4
illustrates the VQ-VAE architecture consisting of an encoder, a vector
quantizer, and a decoder. The encoder takes the input data (x) and maps
it to a lower-dimensional latent space that can represent abstract and
complex features of the input. VQ is used for discretizing the latent space
representation (ze → zq). The decoder acts as a generative network that
takes the discrete abstract representation of input data (zq) and aims to
reconstruct the input data (xr) with the minimum possible error.

The reason for discretizing the latent space with VQ is that discrete
representation (zq) is a more natural fit for different data modalities such
as speech, language, and image [11]. Language is naturally a discrete
representation of characters, and speech can be depicted with a series of
symbols. Images can also be characterized by language [77].

Encoder VQ Decoder

Input
Data
% ∈ ℛ'

Continuous
 Latent Vectors

5( ∈ ℛ)

Discrete
 Latent Vectors

5) ∈ ℛ)

Reconstructed
Data
%* ∈ ℛ'

Latent Space

6 > 8

Figure 3.4. Vector quantized variational autoencoder (VQ-VAE) architecture. The encoder
transforms the input x to the latent space ze that has a lower dimensionality
than input space. Latent space vectors ze are quantized to zq using VQ. The
decoder gets the quantized latent vectors zq and reconstructs the input xr.
Figure adapted from [78].

VQ-VAE is an architecture that has been successfully applied in a wide
range of applications such as voice conversion [26,79], image generation [3,
4], speech and audio coding [5,6], music generation [8], and text-to-speech
synthesis [9,10].
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3.1.4 Gradient Collapse Problem

Despite the usefulness of VQ in different DNN-based architectures and
applications mentioned in Sec. 3.1.3, there is always a challenge to optimize
the VQ codebook by gradient-based ML optimizers such as SGD. The reason
is that according to the VQ formula (Eq. (2.1)), the argmin function is not
differentiable. In other words, the stair shape of the VQ function (in one
dimension) in Fig. 3.5 clearly shows that the VQ function has only two
possible gradients of zero and infinity. In this case, if we use the VQ-VAE
shown in Fig. 3.4 as a computational graph and compute the gradients of
the loss with respect to input x, we should use chain rule as

∂Loss
∂x

=
∂Loss
∂xr

× ∂xr

∂θDec
× ∂θDec

∂zq
× ∂zq

∂ze
× ∂ze

∂θEnc
× ∂θEnc

∂x
(3.3)

where θEnc and θDec refer to the trainable parameters of the encoder and
decoder, respectively. As the gradient for the VQ function equals zero or

infinity
(︃

∂zq

∂ze
∈ {0,∞}

)︃
, the final computed gradient in the above formula

would equal zero or infinity
(︃

∂Loss
∂x

∈ {0,∞}
)︃

. Hence, the computed gradi-

ents by Eq. (3.3) cannot be used for optimization at all. This challenge is
called the gradient collapse problem.
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Figure 3.5. Vector quantization function in one dimension (scalar quantization). Figure
adapted from [20].

3.2 Solutions to Avoid Gradient Collapse

It is impossible to optimize DNN architectures that contain VQ modules
by gradient-based optimizers because VQ will collapse the gradients. As
a solution, VQ can be approximated, or its behavior can be simulated
with differentiable functions to obtain valid gradients for backpropagation.
Several of the most practical solutions from the literature are presented
below.
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3.2.1 Soft Quantization

The techniques of this category refer to approximating the hard VQ func-
tion with a smoother function, which results in meaningful gradients for
VQ in backpropagation. To this end, VQ can be approximated by soft
clustering in which the softmin operand is used instead of argmin [80–83].
In other words, instead of mapping an input vector to only one cluster
(codebook vector), soft quantizers map the input to a weighted sum of
all available clusters such that the weights are dependent on the input
vector’s distance to each cluster. Fig. 3.6 illustrates the difference between
soft VQ and hard VQ in which argmin and softmin functions are used
for clustering, respectively. In soft VQ, each data sample has a weighting
vector representing the probability that it belongs to each codebook vector
(cluster center).

Hard VQ

(0.97,0.03)

(0.47,0.53)

(0.03,0.97)

Soft VQ

Figure 3.6. Hard VQ vs. soft VQ with two codebook vectors (or clusters). Hard VQ assigns
each data point to only one cluster with a probability of 1. Whereas, in soft
VQ each data point belongs to all existing clusters with a probability. Figure
adapted from [84].

Suppose we calculated the Euclidean distance of the input vector x
to all K available codebook vectors of CB = [CB1,CB2, . . . , CBK ] as D =

[d1,d2, . . . , dK ], where di is the distance of x to the i-th codebook vector.
In soft VQ, the input vector is quantized as a linear combination of all
codebook vectors such that

x̂=
K∑︁

i=1
πi CBi

πi = Softmin(di)=
exp(−τdi)

K∑︁
j=1

exp(−τd j)

, (3.4)

where πi refers to the probability that x is assigned to the i-th codebook
vector and τ> 0 is the annealing (or temperature) factor that controls the
"hardness" of assignments (or quantization). A larger value for τ would
result in a harder VQ such that if τ goes to infinity, the softmin will be
equal to argmin, i.e., VQ is equal to assigning x to its closest codebook
vector.
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In soft VQ, the final quantized input is a linear combination of all K
codebook vectors, which incurs more computational cost, making it difficult
to be used for real-time transmission applications. Furthermore, the effi-
ciency of most soft quantizers is dependent on tuning the annealing factor
(τ) during training. The annealing factor is increased gradually during
the training to smoothly move from soft to hard quantization. A high
annealing speed stops the learning process because of gradient collapse,
and a low speed leads to large weights for trainable parameters [80].

In Publication I, we used a soft VQ technique with a fixed annealing
factor (τ = 0.1) to train codebooks of a residual VQ which models the
spectral envelopes of speech signals in training an end-to-end speech
coding framework.

3.2.2 Straight-Through Estimator

As depicted in Fig. 3.7, straight-through estimator (STE) [16] is another
solution for the gradient collapse problem, which passes the gradients over
non-differentiable parts of the computational graph in backpropagation by
simply copying them. In other words, STE assumes the partial derivative
for trainable parameters of VQ (i.e., codebook vectors) equals one, i.e., in

Fig. 3.7,
∂zq

∂ze
=1. Because of its simplicity, STE is commonly used in many

NN-based optimizations which employ VQ [3,5,6,11,25,85–87].

VQ

Forward Pass

Backpropagation

Straight Through Estimator

!!!"

Figure 3.7. Straight-through estimator (STE) as a solution for gradient collapse prob-
lem. During backpropagation, STE copies the gradient intactly over the
non-differentiable VQ function, i.e., STE assumes that ∂zq/∂ze = 1. Figure
adapted from [88].
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In the original VQ-VAE paper [11], STE is used for training the network
parameters. In the VQ-VAE architecture shown in Fig. 3.4, the global loss
function is defined as

L = log p(x|zq)+β1

⃦⃦
sg [ze]−CBi∗

⃦⃦2
2
+β2

⃦⃦
ze −sg [CBi∗ ]

⃦⃦2
2

, (3.5)

where CBi∗ is the closest codebook vector to input vector x, and sg refers
to the stop gradient operator that is defined as identity in forward pass
and has zero partial derivatives in backpropagation. The first loss term
is the reconstruction loss, which tries to reconstruct xr as close as x, and
this loss term optimizes the decoder and encoder parameters by passing
the gradients intact over the VQ module. Due to copying the gradients,
there are no gradients for selected codebook vectors CBi to be updated.
Hence, the second loss term is the ℓ2 distance between latent vectors ze and
codebook vectors CBi, through which codebook vectors of the VQ module
are being optimized. The third loss term is called commitment loss, which
ensures the encoder commits to the latent space and its output does not
grow faster than VQ codebook vectors [11].

As observed in Eq. (3.5), using the STE technique entails adding two
additional loss terms (second and third terms) to the global loss function
for the training. Hence, the weighting coefficients of these loss terms (β1

and β2) are two added hyperparameters that need to be manually tuned in
search of the best result. Furthermore, the STE method does not consider
the effect of VQ and the error it brings to the latent vectors. As a result,
STE causes a mismatch between the propagated gradients and the genuine
behavior of the VQ function [89].

3.2.3 Exponential Moving Average

When training the VQ-VAE in Fig. 3.4, the distribution of latent vectors
(ze) changes over time after each training iteration. Since ze vectors change
over time, it is crucial to find the direction of the ze trend to optimize the
VQ codebook vectors according to this trend. On each training iteration, we
have access to the previous values of ze. Various recursive techniques can
be applied to predict the next value of ze sequence based on its previous
values. The simplest way is to estimate the next value by taking the
average of all previous values in the sequence. In this way, all values in
the sequence have equal influence in the estimation. However, this method
is not suitable for cases where the estimated parameter is more dependent
on the most recent values of the sequence. For such cases, exponential
moving average (EMA) [90] can give a better average estimation.

EMA is a straightforward recursive technique that is flexible and gen-
eralizes to most types of sequential data. In EMA, the main basis is to
predict the next value of a sequence by a weighted average of previous
values such that it assigns higher weights to more recent values and lower
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weights to earlier ones. In other words, more recent sequence values would
contribute more to the prediction than primary values by having higher
weights in the averaging computation. It is called exponential because the
weights magnitudes (or importance) are decreased in an exponential trend
as it goes from the last value to the very first value of the sequence.

With regard to Eq. (3.5), the second loss term can be skipped, and VQ
codebook vectors can be optimized by EMA [11]. Suppose Z = [z1, z2, . . . , zN ]

is the sequence of encoder outputs (latent vectors) that are closest to the
codebook vector CBi. So, the second loss term in Eq. (3.5) is∑︂

j=1

⃦⃦
z j −CBi

⃦⃦2
2

. (3.6)

The optimal value of CBi is the average of all values in the Z sequence as

optimal CBi =
1

N

N∑︂
j=1

z j. (3.7)

This formula cannot update the value of CBi since each training update
is performed on a data batch, and we do not have access to all values of
the Z sequence at once. Therefore, we use EMA in this situation to have
an ongoing update at each training iteration using the following formulas:

M(t) := M(t−1) γ+N(t) (1−γ)

Y (t) :=Y (t−1) γ+
∑︁

j
z(t)j (1−γ)

CB(t)
i :=

Y (t)

M(t) ,

(3.8)

where t refers to the time index (or training iteration), and γ ∈ (0,1) is
called the smoothing factor, which controls the magnitude of the weights
in the moving averaging.

3.2.4 Gumble-Softmax

When applying VQ with a codebook including K vectors, the process of
selecting the closest codebook vector to the input x is similar to sampling
from a categorical distribution with K categories with probabilities of
[π1,π2, . . . , πK ]. Gumble-Softmax [91] is a technique that solves the gradient
collapse problem by replacing the non-differentiable samples from the
categorical distribution of codebook vectors with differentiable samples
drawn from the Gumble-Softmax distribution. The principle of the Gumble-
Softmax technique is similar to the soft quantization solution (Sec. 3.2.1)
in the sense that it suggests using the softmax function to propagate
gradients.
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Suppose z is a categorical variable from codebook vectors categorical dis-
tribution (p(z)) with probabilities of [π1,π2, . . . , πK ]. By using the Gumble-
Max method, we can sample from this categorical distribution as [92,93]

zi = argmax
i

(g i + logπi), (3.9)

where g i ; i ∈ {1,2, . . . , K} are independent and identically distributed (i.i.d)
samples from Gumble(0,1) distribution such that g =− log(− log(u)), and u
is a sample drawn from uniform distribution of U(0,1). To obtain differ-
entiable categorical samples yi, Gumble-Softmax uses softmax function
instead of argmax such that

yi =
exp(τ(log(πi)+ g i))

K∑︁
j=1

exp(τ(log(πi)+ g i))

, (3.10)

where τ is the temperature (or annealing) factor which controls the "hard-
ness" of quantization. The probability density function of Gumble-Softmax
distribution is [91, Appendix B], [94]

pπ,τ(y1, y2, . . . , yk)=Γ(k)τk−1
(︄

k∑︂
i=1

πi

yiτ

)︄−k k∏︂
i=1

(︃
πi

yiτ+1

)︃
. (3.11)

Eq. (3.10) and Eq. (3.11) demonstrate that Gumble-Softmax is a smooth

differentiable function that renders valid gradients
∂y
∂π

for its samples with
respect to the parameter π. Therefore, by replacing the non-differentiable
categorical variables (from the categorical distribution of codebook vectors)
with differentiable Gumble-Softmax samples, the standard backpropaga-
tion can be used to compute the gradients. During the forward pass, we
select the codebook vector i∗ = argmax j yj : j ∈ {1,2, . . . , K} for quantization,
and in backpropagation, we use the standard gradients computed from
Gumble-Softmax function. Note that if the temperature value goes to infin-
ity (τ→∞), the Gumble-Softmax distribution is annealed to the categorical
distribution p(z).

In Publication II, we proposed a novel solution1 to the gradient collapse
problem called the noise substitution in vector quantization (NSVQ) tech-
nique, in which the VQ error is simulated by adding noise to the input
vector. Furthermore, we employ this NSVQ technique to optimize three
variants of VQ used for image and speech applications in Publication III.

1While our proposed method and the above-mentioned approaches indeed "solve"
the gradient collapse problem, they all introduce certain side effects, as they are
merely tricks to approximate the behavior of VQ and cannot be as accurate as the
original VQ.
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4. Space-Filling Curves

Space-filling curve is a mathematical topic that was introduced in 1890 by
G. Peano to answer the question: is there a curve that can pass through all
existing points of a 2D space such as the unit square? Today, a space-filling
curve is known as a curve that can cover an N-dimensional hypercube.
This chapter will explain space-filling curves, their applications, and some
of their most well-known examples.

4.1 Definition

A space-filling curve is a piecewise continuous curve that is generated
with a recursive approach. If the recursion is repeated infinitely, the curve
will get twisted and turned until it entirely occupies a multi-dimensional
space [95]. Fig. 4.1 shows the first six recursion steps (n) of a Hilbert
curve [95] that fills a 2D square space. In this figure, the direction of the
curve is color coded such that it starts from the light color and ends in the
dark color. Space-filling curves are not restricted to any dimensionality,
and they can model any N-dimensional space (or distribution).

, = 1 , = 6, = 2 , = 3 , = 4 , = 5

Figure 4.1. A color-coded Hilbert space-filling curve filling a 2D square space. Color-coded
means that the curve starts from light color and ends in dark color. n shows
the recursion step. Figure adapted from [95].

There are different types of space-filling curves, each with a specific
recursion rule. The first step (n =1) of Fig. 4.1 shows the basic building
block of the Hilbert curve, which is determined by the location of its corner
points. In the following steps (n > 1), this basic building block is repeated
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in different locations and with appropriate rotations. This building block
defines the geometric construction of various space-filling curves. In the
following section, we will discuss some of the most well-known types of
space-filling curves, such as Hilbert, Peano, Lebesgue, and Sierpiński.

4.2 Examples

4.2.1 Hilbert Curve

Fig. 4.2 demonstrates the first three recursion steps (n) of the Hilbert
space-filling curve within a unit square space. The Hilbert curve partitions
the unit square into 22n subsquares (n=1,2,3, . . .) at each recursion step,
and each subsquare encompasses one corner point of the curve. As the
numbers of the corner points show, the Hilbert curve starts from the lower
left side of the unit square and ends in its lower right [95].

1

2 3

4 1 2

34

5

6 7

16
1 64

2 3

, = 1 , = 2 , = 3

Figure 4.2. Three first recursion steps (n) of the Hilbert space-filling curve within the unit
square. The numbers show the index of the corner points. Figure adapted
from [95].

4.2.2 Peano Curve

Fig. 4.3 illustrates the first three recursion steps (n) of the Peano space-
filling curve within a unit square. The Peano curve partitions the unit
square into 32n subsquares (n=1,2,3, . . .) at each recursion step, and each
subsquare encompasses one corner point of the curve. As the numbers of
the corner points show, the Peano curve starts from the lower left side of
the unit square and ends in its upper right. The geometrical shape in the
first recursion step (n=1) is the Peano curve’s main building block, which
is repeated in the following recursion steps [95].
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, = 1 , = 2 , = 3
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Figure 4.3. Three first recursion steps (n) of the Peano space-filling curve within the unit
square. The numbers show the index of the corner points. Figure adapted
from [95].

4.2.3 Lebesgue Curve

Fig. 4.4 shows the first three recursion steps (n) of the Lebesgue space-
filling curve within a unit square. Similar to the Hilbert curve, the
Lebesgue curve partitions the unit square into 22n subsquares (n=1,2,3, . . . )
at each recursion step, and each subsquare encompasses one corner point
of the curve. As the numbers of the corner points show, the Lebesgue curve
starts from the lower left side of the unit square and ends in its upper
right. The geometrical shape in the first recursion step (n=1) is the main
building block of the Lebesgue curve, which is repeated in the following
recursion steps [95].

, = 1 , = 2 , = 3
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Figure 4.4. Three first recursion steps (n) of the Lebesgue space-filling curve within the
unit square. The numbers show the index of the corner points. Figure adapted
from [95].
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4.2.4 Sierpiński Curve

Fig. 4.5 displays first three recursion steps (n) of the Sierpiński space-
filling curve within a unit square. The Sierpiński curve partitions the unit
square into 22n subtriangles (n=1,2,3, . . . ) at each recursion step, and each
subtriangle encompasses one corner point of the curve. The Sierpiński
curve is symmetrical such that half of its curve lies in the half of the
unit square sliced by its diagonal line. The geometrical shape in the first
recursion step (n = 1) is the main building block of the Sierpiński curve,
which is repeated in the following recursion steps. This building block
is the closed shape of the Hilbert curve’s building block, and as a result,
Sierpiński renders a closed space-filling curve at each recursion step [95].

, = 1 , = 2 , = 3

Figure 4.5. Three first recursion steps (n) of the Sierpiński space-filling curve within the
unit square. Figure adapted from [95].

4.3 Applications

Space-filling curves have two desirable properties that make them suitable
for various applications. They have an intrinsic sequential order of the
corner points and preserve the locality features among neighboring corner
points of the curve. Considering these properties, space-filling curves can
be used for the parallelization of computation in multi-processor computers
by partitioning the computation load into equal parts and distributing them
to all available computational processors [96]. Regarding their spatial
locality feature, space-filling curves can design a good data access pattern,
and as a result, they can be used as a cache-efficient algorithm for data
access [96].

The traveling salesman problem (TSP) [97] is the challenge of finding the
shortest possible route among an existing set of cities (points) such that we
only visit each city once. It is an NP-hard problem to solve, which means
that for a large number of cities, it is computationally expensive and takes
a prohibitively long time to exhaustively search for all possible routes to
find the best out of them. Hence, the solution is to use some heuristic TSP
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solvers such as nearest neighbor [98], greedy [98], or Christofides [99]. The
intrinsic order in the corner points of a space-filling curve can be used to
solve the TSP in an N-dimensional Euclidean space [100].

(a) (b) (c)

Figure 4.6. Using Hilbert and Lebesgue space-filling curves as solutions for the traveling
salesman problem. (a) A set of data points which the closest route connecting
them is determined by (b) Hilbert and (c) Lebesgue space-filling curves. Figure
adapted from [100].

Fig. 4.6 illustrates two examples of using space-filling curves as a fast
heuristic solution to TSP. Fig. 4.6(a) shows a set of points in 2D space for
which we intend to find the closest route. To find the closest route using
a space-filling curve, we first project the curve on the set of points, and
then we connect the points in the existing order of the space-filing curve.
Fig. 4.6(b-c) demonstrate the shortest routes calculated by Hilbert and
Lebesgue space-filling curves, respectively.

Space-filling curves can also be used for other applications such as k-
median problem [101] and nearest neighbor search [102–104]. In addition,
they have applications in geographical information systems [105,106] and
multi-dimensional data storage such as geographical data bases [107].
Finally, space-filling curves are also helpful in the signal processing do-
main for classification [108], clustering [109], image compression [110],
bandwidth reduction [111], and vector quantization [112].

With the combination of space-filling curves and vector quantization
(VQ) concepts, in Publication IV we introduced the space-filling vector
quantization (SFVQ) method, which resembles a space-filling curve such
that its corner points are the VQ codebook vectors. In this publication,
our SFVQ models the latent space of a voice conversion model with the
aim of interpreting the underlying phonological structure in its latent
space. Furthermore, in Publication V, we also used our SFVQ to interpret
the latent spaces of two well-recognized image generative models (Style-
GAN2 [17] and BigGAN [18]), and to find their interpretable directions of
changes. As another application of our SFVQ technique, in Publication VI
we proposed using SFVQ to anonymize the speaker attributes, which can
enhance privacy in speech processing tools.
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5. Summary of Publications

In this chapter, all the publications forming this dissertation are organized
in chronological order, and they are attached at the end of the dissertation.
All the publications are related to vector quantization (VQ) and its use in
speech and image processing applications.

In our first publication (Publication I), we used VQ to model the spec-
tral envelope of speech signals in a speech codec optimized by a machine
learning framework. To resolve the gradient collapse problem (Sec. 3.1.4),
we used the soft quantization solution (Sec. 3.2.1) to pass the gradients
through VQ in the backpropagation. In the second publication (Publication
II), we proposed a new solution for the gradient collapse problem called
noise substitution in vector quantization (NSVQ), and we showed the supe-
riority of NSVQ over two state-of-the-art solutions. In the third publication
(Publication III), we studied the application of NSVQ for optimization of
VQ variants (Sec. 2.7) such as additive VQ, product VQ, and residual VQ.

In the fourth publication (Publication IV), by combining the space-filling
curves and VQ concepts, we introduced the space-filling vector quantization
(SFVQ) technique, which is a new quantization technique that maps data
points on a continuous piecewise linear curve. Here, we used our SFVQ to
interpret the underlying phonetic structure in the latent space of a voice
conversion model. In the fifth publication (Publication V), we used our
SFVQ for interpreting the latent space of two well-known image generative
models, but from a new perspective that is to discover the interpretable
directions to change the image attributes (e.g., age for face image) in a
meaningful way. In our sixth publication (Publication VI), we used the
SFVQ along with a codebook resampling technique to equalize the codebook
occurrences in a speaker verification task. This equalization decreases the
chance of the speaker’s private information disclosure.
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5.1 Publication I: End-to-End Optimized Multi-Stage Vector
Quantization of Spectral Envelopes for Speech and Audio
Coding

Speech coding is one of the most widely used applications in the speech
processing field. The main goal of speech coding is to compress the speech
signal to make it suitable for processing on low-resource devices or for
transmission and storage purposes while preserving its perception quality.
Speech codecs consist of different modules that have complex interactions
with each other. Modeling the spectral envelope (i.e., smoothed form of the
magnitude spectrum) is one of the main modules of a speech codec, which
has a significant impact on the compressed speech quality.
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Figure 5.1. Architecture of the encoder in our speech coding model based on PyAWNeS
codec.

In this publication, we improved the spectral envelope modeling of a
codec called PyAWNeS. In PyAWNeS codec, the spectral envelope parame-
ters are modeled by quantization with a uniform scalar quantizer, and then
entropy coded using arithmetic coding. There are two main problems with
this type of envelope modeling. First, scalar quantization does not consider
the correlation among different spectral envelope parameters. Second, the
envelope modeling module of PyAWNeS is designed without considering
its effect on the other speech codec modules. To overcome these two prob-
lems, in this paper we proposed using multi-stage vector quantization (or
residual vector quantization) to model the spectral envelope parameters.

Fig. 5.1 demonstrates the architecture of the encoder in our speech codec.
Using multi-stage VQ improves the spectral envelope modeling of the
PyAWNeS codec by considering the correlation between spectral envelope
parameters for more efficient coding, and enabling optimization of all codec
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modules in an end-to-end machine learning optimization framework. This
end-to-end optimization automatically favors a more successful codec by
preventing different modules from negatively impacting each other. To
optimize the non-differentiable multi-stage VQ function and resolve the
gradient collapse problem (Sec. 3.1.4), here we used the soft quantization
(Sec. 3.2.1) solution. It has been shown that this way of spectral envelope
modeling improves the compressed speech quality over PyAWNeS and
3GPP EVS codecs under the objective metric of perceptual evaluation of
speech quality (PESQ).

5.2 Publication II: NSVQ: Noise Substitution in Vector Quantization
for Machine Learning

It has recently been shown that machine learning (ML) is among the most
potent solutions to optimization problems in various applications. The
training procedure in ML includes the backpropagation step (Sec. 3.1.1)
in which the gradients of the loss function are calculated with respect to
the trainable parameters using the chain rule. If there are functions with
discontinuities in the computational graph whose gradient go to zero or
infinity, the final computed gradients with the chain rule would equal zero
or infinity. Hence, it is impossible to optimize the trainable parameters.
This problem is known as the gradient collapse (Sec. 3.1.4). Although vector
quantization (VQ) is widely used in different machine learning tasks, it is
a non-differentiable function that causes the gradient collapse.
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⋯

Figure 5.2. Noise substitution in vector quantization (NSVQ) module.

In this publication, we proposed noise substitution in vector quantization
(NSVQ) to avoid the gradient collapse problem when using a VQ module
in an ML computational graph. Fig. 5.2 illustrates the NSVQ technique.
NSVQ simulates the quantization error by adding a noise term to the input
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vector (x). This noise vector is formed by multiplying the magnitude of the
original quantization error (∥x− x̂∥) with a normalized random vector (v)
sampled from the normal distribution. For each input (x), the noise term
has approximately the shape of the original quantization error. Finally, by
using the NSVQ method, the final quantized input (x̂′) is a differentiable
function of the input and VQ codebook vectors, and thereby the gradients
can pass through the VQ function in the backpropagation step.

When training VQ codebook with ML optimization, codebook collapse [113]
is one common challenge, in which a portion of codebook vectors are in-
active during training. The reason is that the codebook vectors that are
not selected for the quantization would not have any gradients, and as a
result, they will not be updated and changed throughout the training. To
resolve the codebook collapse issue, in this work we proposed a codebook
replacement method in which the codebook entries that are not used for a
number of training batches will be replaced. Perplexity is a measure for VQ
optimization that refers to the average usage of codebook entries during
training. The proposed codebook replacement improves the perplexity by
making all codebook entries actively contribute to the quantization.

It has been shown that our NSVQ technique provides more accurate gra-
dients, faster convergence, and higher perplexity than straight-through es-
timator (STE) (Sec. 3.2.2) and exponential moving average (EMA) (Sec. 3.2.3).
Furthermore, in contrast to STE and EMA, the proposed NSVQ does not
require adding additional loss terms to the global loss function. As a result,
it does not need any additional hyper-parameter tuning (i.e., tuning the
coefficient of additional loss terms added for optimizing the VQ codebook).

5.3 Publication III: Stochastic Optimization of Vector Quantization
Methods in Application to Speech and Image Processing

Vector quantization (VQ) is a data compression technique that models the
probability density function of data and is applied to any kind of data,
such as speech and image. It is also effectively used in neural networks to
discretize a continuous representation to a discrete categorical distribution.
However, since the computational complexity of VQ increases exponentially
with its bitrate, the plain form of VQ cannot be used for high bitrates. For
example, the current hardware in the market cannot deal with a VQ
with a bitrate of 30 as it does not have enough memory or cannot search
for the closest codebook vector among 230 entries. Therefore, a common
modification to address this problem is to use other variants of VQ that
use multiple codebooks for quantization and thus allow for quantizing
with higher bitrates, such as additive VQ (AVQ), product VQ (PVQ), and
residual VQ (RVQ).
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Figure 5.3. Performance comparison between traditional and NSVQ-based optimized VQ
variants in the ANN search application.

VQ variants are useful tools in nearest neighbor search application.
Given a query vector, nearest neighbor search is the task of searching
the closest vector from a huge set of base vectors to that query vector.
Approximate nearest neighbor (ANN) search is a variant of nearest neigh-
bor, in which the huge set of base vectors is compressed to a smaller set
(with a much lower number of entries) such that it eases the search op-
eration by reducing its computational complexity and storage cost. In an
ANN search, compression is usually performed using VQ variants. In the
state-of-the-art methods of ANN search, PVQ and RVQ have been opti-
mized with traditional k-means (Sec. 2.5.1), and AVQ has been optimized
with the block coordinate descent optimization algorithm. Since VQ is
a non-differentiable function that causes the gradient collapse problem,
to the best of our knowledge, these VQ variants have not been optimized
previously with machine learning (ML) optimization algorithms for ANN
search tasks.

In this publication, we optimized these three variants of VQ with ML-
based optimizers using our proposed NSVQ technique (in Publication II)
over different speech and image applications. We aimed to explore the
NSVQ performance to optimize the VQ variants. Fig. 5.3 shows the perfor-
mance comparison between the optimization of VQ variants by traditional
and ML-based methods measured with the recall metric for the ANN
search task of the image database. Here, the recall@T metric indicates
the probability that the actual nearest neighbor (from ground truth) exists
in the first T closest vectors of the compressed base set. The metric thus
measures the precision of the ANN search such that a higher recall value
means a better search performance.
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The experiments in Fig. 5.3 show that VQ variants optimized by our
NSVQ method perform comparably to the baselines optimized by tradi-
tional techniques. Apart from ANN search, we also evaluated the perfor-
mance and complexity of these three VQ variants over various bitrates for
different speech and image applications. We studied the existing trade-offs
between performance, complexity, and bitrate such that by using our open-
source implementations, the users can readily choose the best VQ variant
for their application.

5.4 Publication IV: Interpretable Latent Space Using Space-Filling
Curves for Phonetic Analysis in Voice Conversion

Deep generative models are a type of neural network that map data to
a representation that captures abstract and intricate features from data.
This representation is called latent space. By sampling from the latent
space of deep generative models, we can generate high-quality realistic
data such as speech and image. One main challenge here is that the latent
space acts as a black box, and thus, it is not interpretable. In other words,
it is not clear what information each latent vector represents.

In this publication, we introduce space-filling vector quantization (SFVQ)
as an unsupervised technique to help interpret the latent space of a voice
conversion task based on VQ-VAE architecture. SFVQ is a combination of
space-filling curves and vector quantization (VQ) concepts such that the
codebook vectors of SFVQ play the role of corner points in a space-filling
curve. Fig. 5.4(a) demonstrates a VQ and SFVQ applied on a 2D Gaussian
distribution using 64 codebook vectors. In this voice conversion model,
VQ works as an information bottleneck, which forces the latent space to
capture only the phonetic content from the input speech signal. Hence, in
this work, we applied SFVQ on the latent space to interpret the underlying
phonetic structure of the latent space.

Regarding the intrinsic order in a typical space-filling curve, it is expected
that index-wise adjacent codebook vectors in an SFVQ refer to similar
phonetic information. Therefore, we use this SFVQ property to obtain
a structured discrete representation of phonetic information out of the
latent space. After training and obtaining the learned SFVQ codebook
vectors, we used the phone-wise labeled TIMIT speech dataset [114] to
explore the structure in the SFVQ’s codebook vectors. The labeled speech
phones were fed as inputs to the voice conversion model, and we extracted
their corresponding SFVQ codebook index. Fig. 5.4(b) shows the histogram
of SFVQ’s codebook indices for different phonetic groups. We observe
that different phonetic groups such as silence, plosives, fricatives, etc., are
clearly distinct. Specifically, SFVQ’s codebook indices provide a mapping
between the latent space and phonetic information.
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(a)

(b)

Figure 5.4. (a) Codebook vectors of a 6 bit vector quantization and space-filling vector
quantization on a 2D Gaussian distribution. The order in the codebook vectors
of SFVQ is color coded from light to dark. (b) Histogram of SFVQ’s codebook
vector indices for various phonetic groups.

5.5 Publication V: Unsupervised Panoptic Interpretation of Latent
Spaces in GANs Using Space-Filling Vector Quantization

Generative adversarial networks (GANs) are among the popular generative
models that map a latent space to an image space (for image generation
tasks). The trained GAN model can generate high-quality realistic images
by sampling from its latent space. However, the latent space is not inter-
pretable. In other words, there is no obvious connection between vectors in
the latent space and the characteristics of the output image. Furthermore,
it is unclear what interpretable directions are to change these characteris-
tics. For example, in a face synthesis model, the direction (in the latent
space) to change attributes such as age or rotation is not known.

In this publication, we used our proposed space-filling vector quantization
(SFVQ) technique (Publication IV) to interpret the latent spaces of two
well-known pretrained, generative image models, StyleGAN2 and BigGAN,
over various image datasets, such as FFHQ, AFHQ, LSUN Cars, CIFAR10,
and ImageNet. Hence, we applied the SFVQ on the latent spaces, and
generated and plotted the images corresponding to the learned SFVQ
codebook vectors (or corner points). We aimed to interpret the latent space
from two different aspects: 1) Universal Interpretation and 2) Interpretable
Directions.
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Figure 5.5. Interpretable directions of the latent space for the pretrained StyleGAN2
on FFHQ dataset discovered by SFVQ. (a) Generated images from codebook
vectors of a 2 bit SFVQ and (b) their corresponding directions. (c) Applying
the direction between codebook indices 3 to 4 on a random latent vector.

By Universal Interpretation we aimed to explore the generative features
represented in the latent space. Since SFVQ has an inherent order in
its learned codebook vectors, after visualizing the generated images from
SFVQ’s codebook vectors (Fig. 5.5(a)) we can infer, for example, which part
of the latent space would generate male or female faces. By Interpretable
Directions we aimed to discover the directions in the latent space to change
attributes of an image in a meaningful manner, such as the directions to
change the rotation or gender attributes. After visualizing the SFVQ’s
learned codebook vectors in Fig. 5.5(a), we can deduce that each SFVQ’s
line can refer to a meaningful direction shown in Fig. 5.5(b). Fig. 5.5(c)
shows that the line connecting the codebook index 3 to 4 works as the
rotation direction in the sense that it can change the rotation of a random
latent vector.

5.6 Publication VI: Privacy PORCUPINE: Anonymization of Speaker
Attributes Using Occurrence Normalization for Space-Filling
Vector Quantization

Speech is the main medium for human interactions which, apart from its
linguistic content, also encompasses private side information such as the
speaker’s identity, gender, age, state of health, and emotion. Hence, speech
processing technologies that process, transmit, and store speech data can
disclose such private side information, exposing speakers to threats such as
stalking, price gouging, and identity theft. Therefore, it is necessary to use
privacy-preserving speech processing tools to remove private information
from speech signals that are not required for the downstream task.
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Figure 5.6. Histogram of codebook indices frequencies for 4 bit (top) vector quantization
and (bottom) resampled space-filling vector quantization. KL Div refers to
the Kullback-Leibler divergence of the observed histograms to the theoretical
ideal distribution. Disclosure, ℓ2/ℓ1, and std refer to the worst-case disclosure,
sparseness, and standard deviation of the histograms.

In privacy-preserving speech processing, one well-known method is to
pass the speech through an information bottleneck1 that is tight enough
to remove the unnecessary private information from it. Vector quantized
variational autoencoder (VQ-VAE) is a typical example in which the en-
coder compresses the input information to the bottleneck, and the decoder
aims to reconstruct the input from bottleneck information. The infor-
mation is usually quantized in the bottleneck to make the information
rate quantifiable. When the bottleneck uses vector quantization, various
codebook indices are generally used with different frequencies such that a
small subset of speakers is potentially mapped to a specific codebook index.
Therefore, in this situation, the range of speakers for this codebook index
is smaller than the other codebook indices, and as a result, the chance
of private information disclosure for the speakers mapped to this specific
codebook index is higher.

In this publication, we used the proposed space-filling vector quantization
(SFVQ) technique (Publication IV) to equalize the usage frequency for
all codebook vectors and thus prevent the disclosure of the identity of
speakers mapped to less frequent codebook indices. We used speech files

1Information funnel [115] is another concept in information theory that is closely
related to information bottleneck, which aims to learn a compressed representa-
tion that retains the required information for the downstream task. In our paper,
we used an information bottleneck because it is more commonly used in machine
learning applications.

67



Summary of Publications

from the Common Voice corpus as input to the pretrained ECAPA-TDNN
speaker verification model to map speakers to vectors in the embedding
space. After training a B bit SFVQ on the speaker’s embedding space, we
map all training embedding samples on the learned SFVQ’s curve and
split the curve to 2B segments such that each segment accommodates an
equal number of samples. The average of samples in each segment is
then defined as the resampled codebook vector, which is used for the final
quantization. We call this approach the codebook resampling step. The
occurrence probability of codebook vectors, when quantizing the speaker’s
embedding samples (from the unseen test set) by VQ and resampled SFVQ
is illustrated in Fig. 5.6. The occurrence probability of codebook vectors
is clearly more uniform in the resampled SFVQ approach, and hence it
guarantees more privacy for the speakers.
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6. Conclusions

In our opinion, there has not been much attention paid to improving
the performance of vector quantization (VQ) in the machine learning
(ML) domain, and this line of research has been neglected following the
popularity of ML models (especially deep neural networks (DNNs)). Hence,
in this thesis, our main goal is to enhance the performance of VQ in DNNs
because any improvement could increase the performance of a large range
of DNN-based tasks regardless of the application and data type. This
chapter will explain how we answer this goal and the relevant outcomes.

DNNs is a category of machine learning models that learn and extract
intricate patterns from data, which can be used to solve complicated prob-
lems. The availability of data and advancement in computing hardware
(e.g., GPUs) in recent decades enable DNNs to achieve state-of-the-art
performance in a wide range of domains.

VQ is a classic signal processing tool that can be used to model any
data distribution with a set of codebook vectors, such that each codebook
vector represents a limited area of the distribution. Since the nature of
some data types (e.g., text) is discrete and VQ is a good fit for modeling a
categorical distribution, VQ is commonly used in many DNN architectures
to discretize the representation of a layer as a categorical distribution.
Therefore, any small improvement in VQ can result in a significant boost
in the performance of DNNs for a broad range of applications and all data
types, such as speech, image, video, text, etc.

The conducted research in this thesis can be seen from four different
perspectives. In the first perspective, we aim to improve the performance
of some existing models by introducing VQ that reduces quantization
distortion . In Publication I, we showed that by replacing VQ with scalar
quantization, the quantization distortion is reduced because VQ takes
the correlation among different data dimensions into account. In this
paper, we modified the spectral envelope modeling in an ML-based speech
codec [12] by replacing scalar quantization with VQ. By this modification,
we achieved a higher perceptual quality for the compressed speech signal
under the perceptual evaluation of speech quality (PESQ) metric, which is
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an objective estimate of subjective quality. In Publication III, we observed
that additive VQ and residual VQ lead to less quantization error than
product VQ for sample distributions over various dimensionalities.

The main goal of the second perspective is to improve the efficiency of VQ
training when using ML optimizers. In Publication II, we propose a new
solution to address the gradient collapse problem (Sec. 3.1.4) called noise
substitution in vector quantization (NSVQ). It simulates the behavior of
VQ by adding noise to the input vector such that the noise is scaled to match
the quantization error. We used NSVQ to optimize the vector quantization
codebook with ML optimizers in speech coding and image compression
applications. Our experiments show that NSVQ outperforms two state-of-
the-art solutions of straight-through estimator and exponential moving
average by providing faster convergence, more accurate gradients, and
avoiding additional hyper-parameter tuning.

In Publication III, we also used NSVQ to optimize variants of VQ that use
multiple codebooks for the quantization, such as additive VQ, residual VQ,
and product VQ. We studied the trade-offs between the bitrate, accuracy,
and complexity of these VQ variants within speech coding, image compres-
sion, and approximate nearest neighbor (ANN) search applications. In
the ANN search, we compared the performance of VQ variants optimized
by our ML-based NSVQ technique and the baseline results optimized by
traditional optimization algorithms (e.g., k-means). The experiments show
that VQ variants optimized by NSVQ achieve comparable results to the
baselines under the recall metric. This means that variants of VQ can now
be optimized in modern machine learning models without performance
loss.

In the third perspective, we aim to improve the interpretability of the
latent spaces in DNNs. Hence, in Publication IV, we introduced space-
filling vector quantization (SFVQ) by incorporating space-filling curves
into VQ. We used SFVQ to interpret the latent space of a voice conversion
model based on a vector quantized variational autoencoder (VQ-VAE). Our
experiments demonstrate that with SFVQ, we can explore the underlying
phonetic structure of the latent space such that we can differentiate be-
tween latent vectors representing different phonetic groups such as silence,
plosives, fricatives, nasals, vowels, semi-vowels, and diphthongs. We can
also differentiate between different phones within a phonetic group.

In Publication V, we use our SFVQ technique to interpret the latent
spaces of two well-recognized image generative models known as Style-
GAN2 and BigGAN. We interpret the latent space from two different
aspects: 1) by universal interpretation we aimed to find the mapping be-
tween the latent space and generative factors such as rotation, gender, age,
race, etc, 2) by interpretable directions we intended to discover directions
in the latent space that can change a semantic attribute of an image in a
meaningful way. For example, if we shift a latent vector along the direction
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corresponding to the change in gender attribute, the gender of the gener-
ated image will be altered when we move along this direction. Our results
demonstrate that the latent space can be effectively interpreted by using
SFVQ. Moreover, we found several more efficient interpretable directions
compared to prior methods.

In the fourth perspective, we aim to improve privacy in speech processing
applications based on DNNs. In Publication VI, we studied a privacy issue
that had not been addressed before. The issue arises when a subset of
speakers mapped to a particular codebook vector is proportionally much
smaller than those mapped to other codebook vectors. In this case, the
disclosure of private information is much greater for such outlier entries
of the codebook. Our proposed method uses SFVQ to model the discrete
embedding space of a speaker recognition network. To minimize the worst-
case disclosure of private information, we equalize the number of speakers
mapped to codebook indices by resampling the SFVQ’s codebook. In this
way, the occurrence frequencies of codebook entries are thus approximately
uniform, and the worst-case disclosure of private information is minimized.
Hence, an appropriate level of privacy for all speakers will be obtained.

In general, this thesis focuses on the efficient optimization of VQ models
and their derivatives using modern ML and applies them to important and
current challenges in the DNNs domain. Since VQ is a central element
in many DNN architectures, the improvements proposed in this thesis
are expected to enhance the performance of a broad range of DNN-based
applications for many data types. For example, VQ is a crucial part of the
most recent successful DNN-based speech and audio coding techniques [6,
116,117].

Finally, this thesis proposes two novel and fundamental methods, NSVQ
and SFVQ. NSVQ can be used to pass gradients through the non-differentiable
VQ function during backpropagation in any ML optimization task that
adopts gradient-based optimizers.

SFVQ is an improved version of VQ in which the data points can be
mapped on a curve connecting subsequent codebook vectors. The desirable
property of SFVQ is the arrangement in its codebook such that adjacent
codebook indices refer to similar content. In general, SFVQ is a universal
technique that can model any data distribution, and it is not confined to
any specific neural network architecture or data type.

In conclusion, this thesis can improve the efficiency and performance of
deep learning models by enhancing vector quantization across a wide range
of trending applications, such as speech recognition, natural language
processing, neural speech and audio coding. It also proposes solutions to
make deep learning models more interpretable and enhance their users’
privacy.
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